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This equation has been used throughout the model
calculations presented in this paper. It should be men-
tioned that this equation for /i gives the upper limit of the
volume V,. In the real system the topologically next
neighbor as well as the next neighbor in the other chain
direction (Figure 1) will hinder the spatial mobility of the
kth unit. Thus the efficient available volume would be
even smaller. However, complexed junctions are not fixed
but fluctuate around mean positions, similar to junction
fluctuations in covalent polymer networks.?? Such a
fluctuation increases V, and thus may partly compensate
for neglecting the influence of both nearest neighbors.

Symbols

8 parameter that describes the breadth of the dis-
tance distribution between free functional groups

(O characteristic ratio

d, average distance between two free functional groups

fred. factor by which the mole fraction of complexed

units is reduced due to topological restrictions
i number of functional groups per chain
K, equilibrium constant
{ length of monomer repeating unit
average number of monomer units between the kth
functional group and the next complexed group

n degree of polymerization
P; probability that a chain has i functional groups
p(k) probability of the kth functional group of a chain

to form a complex when & — 1 functional groups
are complexed

Q(k) W(R,) = reduced probability for the kth functional
group of a chain to form a complex if £ - 1 groups
are complexed

p number of functional groups per unit volume

R, average radius that defines the sphere in which the
kth functional group can move

[U,] concentration of functional groups (mol/L)

u degree of modification (fraction of monomer units
that carry functional groups)

V. volume available for the kth unit

xg’ mole fraction of complexed functional groups
without topological restrictions

x°f mole fraction of complexed functional groups
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ABSTRACT: A continuum version of the gambler’s ruin model is presented. The following functions are
derived: end-to-end vector distributions of both loops and ties and their Fourier transforms, chain length
distributions of both loops and ties, and their Laplace transforms. A few of the lower moments of these
distributions are also calculated. Gambler’s ruin models lack sufficient detail to accurately predict the degree
of adjacent reentry but nevertheless predict that most chains return to the crystal very near the point of
departure, For example, on the basis of this model, we predict that 3/, of the chains in polyethylene return

to the same crystallite within about 14 A.

Introduction

The statistics of random walks between two absorbing
parallel planes provides an important model of the
amorphous domains of semicrystalline polymers. This
model is admittedly deficient in accounting for the detailed
packing of chains in the amorphous domains but has the
benefit of mathematical tractability and accounts for chain
packing in a certain mean-field sense in that it yields a
uniform segment density throughout the amorphous do-

0024-9297,/88/2221-0126$01.50/0

main."® Guttman, DiMarzio, and Hoffman!? were the first
to apply the concept to semicrystalline polymers, adopting
the expression “gambler’s ruin” model. The gambler’s ruin
model is expected to be valid and useful to the extent that
polymer chains in the amorphous domains are ideal ran-
dom walks.

Guttman, DiMarzio, and Hoffman first considered
random walks on the simple cubic lattice! and later ex-
tended these results to more general random walks.? In

© 1988 American Chemical Society
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Table I

tight loops amorphous loops ties
fraction 1-¢ ®(1-s/L) ds/L
no. av no. of bonds, N 0 (sL/3Dy)F\F, (L?/6Dy)F,
wt av no. of bonds, N, 0 (2L?/15D,)(F,/ Fy) (7L2/30D),(F;/F5)
N./N, undefined (2L /58)(Fy/F\Fs%) "/s(Fs/F3®
mean square throw length 0 (4DsL/3Dy)F\F, (2D,L?/3D,)F,
end-to-end vector distributn Pry = 8(r) Py (r) Pr(r)
end-to-end vector Fourier transform Crp = 1/47? Cyr(k) Cr(k)
bond distributn function By, = 6(t) By (t) B(t)
bond distributn Laplace transform by =1 barlq) br(q)

this paper we present a continuum gambler’s ruin model,
considering random walks as solutions of the diffusion
equation. We find that a few of the results obtained by
Guttman and DiMarzio? in generalizing the simple cubic
lattice model to general random walks are incorrect.

The amount of adjacent reentry in semicrystalline
polymers has been a matter of controversy for a number
of years, but new studies are leading to a concensus on at
least one issue: A large number of chains must return to
sites within a few unit cells of their point of departure to
avoid severe overcrowding of the amorphous domains. The
original gambler’s ruin treatment yields a probability of
adjacent reentry of /5,2 Other treatments,®® including
both Monte Carlo calculations,* mean-field lattice mod-
els,>® and off-lattice gambler’s ruin calculations®® also
indicate that most chains return to sites near their point
of departure. The details of chain structure at the interface
depend strongly on such things as chain stiffness and fold
energy; nevertheless, all these models indicate a high de-
gree of near adjacent reentry. For example, the Monte
Carlo calculations indicate that the amount of strictly
adjacent reentry (i.e., nearest-neighbor returns in the
lattice) becomes relatively small if chain packing at the
interface is treated exactly and if a reasonable energy is
assigned to strictly adjacent folds. However, the combi-
nation of nearest-neighbor and near-neighbor reentry is
always predicted to be on the order of 2/; or so. The model
considered here indicates that the precise folding structure
cannot be predicted by gambler’s ruin models but is in
agreement with previous treatments in predicting a large
degree of near adjacent reentry. The value of %/, for the
amount of adjacent reentry is obtained only for lattice
models; off-lattice versions of the gambler’s ruin model,
including freely jointed walks®® and the present treatment,
predict values in the vicinity of 2/, but do not point to any
specific value.

In what follows, we give expressions for the distribution
functions of the end-to-end vector of loop and tie chains,
the distribution functions of the number of bonds in loop
or tie chains, the Fourier or Laplace transforms of these
distribution functions, and several averages taken over
these distributions.

Computation of Distribution Functions Etc.

We consider the statistics of continuum random walks
between two absorbing barriers, determined by the diffu-
sion equation

W IwW IwW a4

5 = Dig + Dy o D, 6N}
where W(x,y,z,t) is the probability of finding the random
walk at position (x,y,2) and where ¢t represents, in the
present context, not time but the number of backbone
bonds. We assume the existence of absorbing plane bar-
riers at z = 0 and z = L for L the thickness of the
amorphous domain. Note the use of different “diffusion”
coefficients in directions parallel and perpendicular to the

lamellar plane. This is done to afford greater generality
to the analysis and reflects our belief that such anisotropies
exist.'%!! The case of an isotropic amorphous phase is
obtained by setting D; = D, = D, and in that case one
makes a connection between the “diffusion” coefficient and
the characteristic ratio by writing D = C_I[?/6 since in the
absence of absorbing or reflecting boundaries solutions to
eq 1 obey (R?) = 6Dt. We consider random walks initiated
at the site (0,0,s) that continue until they are absorbed at
one of the faces z = 0 or z = L. We let s be arbitrary but
require s < L. The solution to eq 1 for these boundary
conditions has been given in ref 12. Also in ref 12 ex-
pressions are given for two functions f;(r,t) and fy(r,t),
respresenting probabilities of finding amorphous loop and
tie chains, respectively, with a given end-to-end vector r
and given number of bonds ¢. The results given here are
all obtained by appropriate integrations over f; or f;. We
assume that a fraction, &, of the crystalline stems present
in the system are followed by random walks initiated at
the site (0,0,s), adjusting ® so that the amorphous domain
has the correct density. Then we assume that the re-
maining fraction 1 — & of crystalline stems are followed by
very tight loops having (effectively) 0 bonds and making
no contribution to the amorphous domain. The value of
® necessary to give the correct density is!®1?

2Dyp

®=(1-s/L)" »

(2

where p is the ratio of amorphous to crystalline density
and /; is the average projection of a bond onto the direction
normal to the lamellar plane (defined as [,/ Ny, for Ny, the
number of bonds in a stem, and [, the crystal thickness).
The model comprehends changes in tilt angle, i.e., the
angle between the crystalline stem and the direction
normal to the lamellar plane, through the tilt angle de-
pendence of [,

Each crystalline stem is followed, therefore, by one of
three different types of objects: a tight loop, an amorphous
loop, or a tie. The tight loops are the zero length loops
required to give the correct density, while the amorphous
loops and ties are the random walks having statistics given
by eq 1, segregated according to the plane at which they
are absorbed. In Table I we summarize the properties of
all these various objects. The first row of Table I gives the
fraction of crystalline stems followed by one of the three
types of object. The second and third rows give the num-
ber- and weight-average number of bonds contained in
each object. The fourth row gives the polydispersity ratio
of each type of object. The fifth row gives the mean-square
distance (x% + y%) = (r?) where (x,y,0) (for loops) or (x,y,)
(for ties) is the point at which the random walk returns.!*
The sixth and seventh rows gives the probability distri-
bution!® of the two-vector (x,y) = r, and its Fourier
transform, respectively.'®” The eighth and ninth rows give -
the probability distribution of the number of bonds in each
type of object and its Laplace transform, respectively.!’
We give the Fourier and Laplace transforms here because,
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first, closed-form, exact expressions can be given and be-
cause, second, such functions are expected to be important
in the theory of neutron scattering by semicrystalline
polymers. The following functions appear in Table I

PAL(I') =
D, wjs D, 7rJr
stm( )KO[(D ) (3)
1) 1 1

P D, s I D2 Vigjr
r) = Dis L,ZI( 1y~ sin L i\, ) T

(4)
sinh [(Dy/D;)"/?kL(1 - s/L)]
sinh [(D, /D,)"/?kL]

(1- s/L)‘1

Car(k) = ;41;(1 —s/L)

(5)
1 L sinh [(D,/D,)"/%ks)]

Crlk) = 12 5 simh [(D./ DoV} (®)

]S “D2t7‘l’2j2

IZ] sin L exp T (7)
2D27I' = Ly o ‘R'jS "thTf2j2

Bp(t) = I j§1(_1) ] sin T exp —Lz— (8)

sinh [(gL?/Dy)"*(1 ~ s /L)]
sinh [(gL2?/Dy)Y/?]

h [(gs®/D,)]
br(g) = (L/s) ~—————Sm T LQ//DQ)] (10)

where K, represents the zeroth modified Bessel function
of the second kind and sinh represents the hyperbolic sine.
These quantities (all unity to first order in s/L) also appear
in Table I.

=(1-s/L)y' Fy=1-3s/2L +s2/2L’
Fy=1-s2/L%
F, =1-5s2/2L% + 1553 /8L° - 3s*/8L*
F,=1-10s?/7L? + 3s*/7L*

BAL(t) =

balg) = (1 -s/L)?

(11)

At first glance, the results in Table I are rather discon-
certing. Most of the quantities shown there are given in
terms of the arbitrary parameter s. Setting s = 0 does not
help, since as eq 2 shows, this causes & to diverge, while
clearly ® must be less than 1. The s dependencies in Table
I are examples of the “Vonk paradox”? which states that
many of the properties of random walks between two ab-
sorbing barriers initiated at or near one of the boundaries
are dependent on the precise way in which the walks are
initiated. This result is paradoxical because we do not
expect, nor is it desirable, that the results of the gambler’s
ruin model for any global properties depend on details such
as s. The resolution of this paradox lies in the fact that
the division of the set of all loops into subsets of tight and
amorphous loops is artificial. For example, suppose we
increase s. This would remove a number of very short
walks from the set of amorphous loops. However, as eq
2 demonstrates, increasing s causes a decrease in ® or an
increase in the fraction of tight loops. The addition of tight
loops offsets the removal of short amorphous loops for all
properties insensitive to the small changes in loop size. By
removing the segregation between tight loops and
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Table I1
loops ties
fractn e=1-&s/L w = $s/L
no. av no. of bonds, N, ($sL/3D,)(Fy/¢) (L%/8D,)F,
wt av no. of bonds, N,  (2L%/15Do)(F/F,)  (7L%/30D,)(F5/Fs)

N, /N, (2L/5®s)(eF,/FyY)  7/5(F5/Fy?)
mean square throw (4D,®sL/3Dg)(Fy/¢) (2D,L%/3Dy)F,

length

end-to-end distributn P (r) Prir)
functn

end-to-end Fourier C, (k) Cr(k)
transform

bond distributn functn  Bg(t) Br(t)

bond distributn br(g) br{g)

Laplace transform

amorphous loops, we should expect the s dependencies to
drop out of all global properties, at least to first order in
s/L.

This is indeed the case, as Table II indicates. There we
list the properties of loops and ties, where the new clas-
sification of loops represents the combination of tight and
amorphous loops. The first five rows of Table II are global
properties. In these rows, s always appears in the com-
bination s® (except for the weak s dependence of F}), and
since we can write

2D
sd = __2PF 1 (12)
Ly
we conclude that these global properties exhibit no s de-
pendence to leading order in s/L. We have the two def-
initions

w=®/L e=1-w (13)

giving the total fraction of ties and loops, respectively.

The various distributions or transforms in the loops
column of Table II are weighted sums of functions ap-
pearing in Table I

Q= e'[1-9)Qr + B(1 ~s/L)Qu] (14)

where @), is a generic name for one of the functions P;, C;,
B,, or by, similarly for @4; and @7;. Note that s depen-
dencies still occur in the various distributions or their
transforms. This is to be expected as long as the s de-
pendencies are limited to small values of r and ¢ or large
values of & and q. Whenever ks << 1 we may write

Co(k) = ——[1 - & coth 9] (15)
472
and
Crk) = S csch @ (16)
4r?
where
Q = kL(D{/Dy)'/? amn
Likewise, whenever gs?/D; << 1 we have
br(g) = €(1 ~ w¥ coth ¥) (18)
and
br(q) = ¥ csch ¥ (19)
where
= qL?/D, (20)

Since eq 15-20 are devoid of s dependencies, we conclude
that global properties are indeed s independent.

In Table III we display expressions for a number of
properties in the isotropic limit D, = D, = C..[?/6. Table
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Table III

loops ties
fractn e=l-w w = C,l%/3LI,
no. av no. of bonds, N, 2Lp/31, L?/C.nI?
wt av no. of bonds, N,, 4L%/5C,1*  7L?*/5C.1°
Ng/Ny 2/5w /s
mean square throw length  4wL?/3 2L%/3
mass fractn 2/ s

III omits lower order terms in s/L. Note the complete
absence of s dependence.18

Interesting approximations to P (r) and to B;(t) can be
written by replacing the summations in eq 3 and 7 with
integrations. We obtain®

PL(I’) [~4
D D -3/2
e'l[ (1-®)o(r) + (%)(D—f)(l)—irz + sz) ] (21)
Bi(t) ~
e—l[ (1- ®)o(t) + %Dz-l/zt-“‘/%r-l/2 exp(—s? /4D2t)]

(22)

Note that these expressions become independent of s
at either large r or large ¢t. Aside from the § function peak
at the origin, we summarize the behavior of these ap-
proximate distributions as follows: P;(r) falls off as r for
r? » s? and is independent of r for r? « s, By (t) falls off
like ¢%/2 for Dyt > s?, goes through a maximum at ¢t =
52/6D,, and then falls off to zero as t — 0.

We also consider the following two integrated distribu-
tions:

iP,(r) = fo "ar’ 2nr P, () (23)

B0 = ‘dt’ By (t) (24)

representing respectively the fraction of loops with throw
distance less than r and number of bonds less than ¢.
Employing eq 21 and 22 yields

iP(r) = ¢'[1 -~ ®s(s? + r*Dy/D;)1/?] (25)
iBL() ~ eV[1 - ® erf (s/2D,/2%1%)]  (26)

Note the absence of s dependence at large r or t. (The s
dependence of eq 26 disappears because erf(x) is propor-
tional to x for small x.)

Previous gambler’s ruin treatments have taken a value
equivalent to 1 — & as the probability of tight folding or
of adjacent reentry. However, since the distinction be-
tween tight folds and short amorphous walks is vague, it
should be recognized that the probability of tight folding
or of adjacent reentry is ill-defined within the context of
gambler’s ruin models. For example, the simple cubic
lattice treatment of Guttman et al. gives 2/; for the
probability of adjacent reentry,! but if one also counts the
shortest amorphous walks, then the amount of tight folding
increases by 5%. The equivalent of 1 — & for freely jointed
walks with the first step having an arbitrary orientation
and a length chosen to be an arbitrary fraction of a com-
plete bond is !/, but one can obtain a probability greater
than 2/, by including all amorphous walks with total length
less than two bonds.?® We have implied elsewhere® that
one can only expect to get the correct result if walks are
initiated after penetrating the amorphous domain a dis-
tance equal to the statistical segment length of the chain.
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Table IV
Probability of Nonadjacent Reentry
probabili- min rort
ty in necessary for
general isotropic universal
definitn probability limit behavior
throw length > r (®s/r)(Dy/Dy)"/? &s/r (Dy/D)Vr > 4s
no. of bonds, > t &s/(xDyt)1/? (Ps/1)(6/ Dyt > 2.5s%
wtC.)/2

However, this is still vague. For example, employing freely
jointed walks in which the first step is a whole bond or-
gentQ%d normal to the lamellar plane yields a value of about

4

The difficulty lies, ultimately, in the inability to extract
local information, i.e., the probability of adjacent reentry,
from models that can only give information concerning
long-range properties. It is not even clear that a gambler’s
ruin model based on a walk that is a good representation
of the local f-state structure (e.g., a rotational isomeric state
model) would permit a reasonable estimate of the adjacent
reentry probability. One could argue that details of in-
termolecular chain packing or considerations of crystal-
lization kinetics are also important in determining short-
range structure at the interface. The best that we can do
to estimate the amount of nonadjacent reentry is to specify
the fraction of loops having throw length greater than some
arbitrary r for r large enough for the s dependencies to be
absent or to specify the fraction of loops having greater
than t bonds for ¢ also arbitrary but large enough to see
no s dependencies. These are given by 1 - iP; or 1 - iB;,
and are summarized in Table IV. We also display in Table
IV the r or t value considered large enough to observe
universal behavior (i.e., behavior independent of s). These
are taken as the r values required for the term (Dyr?/D,
+ 5%)7%2 in eq 21 to be within 90% of (D,r?/D;)%? and the
t values required for the term exp(-s?/4D,t) in eq 22 to
be within 90% of unity. The value ®s/r is the fraction of
loops having throw lengths greater than r. We see that
the distance ®s controls the amount of near-adjacent
reentry.

As an example, consider quantities appropriate for
polyethylene (C, = 6.7, p = 0.85, [ = 1.54 &, ], = 1.27 &)
in the isotropic limit. We obtain &s = 3.5 A, Then we
predict (3.5 A)/r for the fraction of loops having throw
lengths greater than r, valid for r > 14 A. We predict
1.2t71/2 for the fraction of loops having more than t bonds,
valid for ¢t > 12. Clearly, even though we are unable to
accurately specify an adjacent reentry probability, we do
predict that the large majority of the chains return to sites
near the point of departure.?!

Since Cy(k), Cr(k), b.(q), and br(q) are generating
functions for the moments (r¥),, (t/);, (r¥)r, and (t)r,
respectively, expressions for these moments valid to leading
order in s/L may be obtained by expanding eq 15, 16, 18,
and 19 in powers of &k or g. (We let (...); and {...)r rep-
resent averages for loops and ties respectively.) We obtain

, J12%B;i Ngs
(thy = CTT —L¥Dy7 @en
) 271(2%1 - 1)Bj ”; .
V= | —— i

2j 71/2(2]')! Dt (29)
{rYpr = TG + 1/2) L
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where B; represents the Bernoulli numbers.?? Note that

t%
( ’>L m£=w‘1 (30)
(t),;2 Ps
while
(t¥)r/(t/)r* = constant (31)

{The j = 1 values of these ratios are just N, /N, and are
given in Tables I-I1I.) The large value of the ratios in eq
30 or of N,/ N, in Tables I-III indicates that the loops have
a very broad distribution of lengths. This indicates that
most of the material in the amorphous domains is con-
tained in a small number of very long chains, either loops
or ties. Another indication of this is the fact that loops
and ties have mass fractions of the same order of magni-
tude.

Conclusions and Discussion

The gambler’s ruin model is very useful in predicting
global properties of semicrystalline polymer chains, for
example, the fraction of tie chains or the radius of gyra-
tion.? It also indicates that a large fraction of the chains
leaving a given crystal must return shortly to avoid over-
crowding of the amorphous domains. However, it cannot
predict the precise structure of folding on a local scale.
Even though only a small number of chains leave the vi-
cinity of their departure points, these chains are on average
very long and contribute most of the density of the
amorphous domains.

One new result derived here are the expressions for the
Fourier transforms C; and Cp. These functions permit the
approximate calculation of scattering structure factors that
are important in the theory of neutron scattering by these
polymer systems. Structure factor calculations are cur-
rently under way.
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of this research.
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The factor (1 —s/L)™ appearing in eq 2 was neglected in ref
12, but retained here, where we explicitly retain terms to all
orders in s/L unless stated otherwise.
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- -8
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j; dx x exp( ™ ‘yx) 2Ky (B 212
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e®Tf (r,t) over r and then over ¢, after which ref 14 above
applies.

We employ the following definitions for Fourier and Laplace
transforms:

Ck) = (21r)'1fdr e®TP(r) (two-dimensional Fourier)

blg) = j;mdt e¢*B(t) (Laplace)

Some of the results given in Table III disagree with results
obtained in ref 2. For example, the quantities C., and ! should
only appear in the combination C.{? while the combination C..!
appears in ref 2.

Gradshteyn, I. S.; Ryzhik, 1. M. Tables of Integrals, Series,
and Products; Academic: New York, 1980; pp 495, 743.
Mansfield, M. L., unpublished computer simulation data.

It should be noted that the failure of polyethylene to achieve
Gaussian statistics over such short chains is a source of error
in this calculation.

Definition: ~f the Bernoulli numbers differ slightly in the lit-
erature. Here we employ the definition given in: Dwight, H.
B. Tables of Integrals and other Mathematical Data, 4th ed.;
MacMillan: New York, 1961.

Mansfield, M. L. Macromolecules 1986, 19, 851.



